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Bell-Type Inequalities Can Act as a Measure of Entanglement 
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We study local-realistic inequalities, Bell-type inequalities, for finite dimensional quantum systems 
- qudits. There are a number of proposed Bell inequalities for such systems. Our interest is in 
relating the value of Bell inequality function with a measure of entanglement. Interestingly, we find 
that one of these inequalities, Son-Lee-Kim inequality can be used to measure entanglement of a 
pure bipartite state. We also discuss the experimental feasibility of this measurement. 
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In a much celebrated paper, J. S. Bell established that 
any realistic interpretation of quantum theory is bound 
to be non local [1], Bell established this by means of an 
inequality which is violated by the singlet state of a pair 
of qubits. Later, a few other states were discovered which 
also violate this inequality and thus forbid local-realistic 
description for them. But, all these led to a very natural 
question whether this contradiction between quantum 
theory and local-realism is typical or it is restricted to 
some very special cases. Answer to this question came in 
1991 when Nicolas Gisin [2] showed that any pure entan¬ 
gled state of a bipartite system violates a Bell’s inequality 
and thus are nonlocal. The maximum quantum violation 
of this inequality is 2\[2. It is known as the Tsirelson’s 
bound [3], which a two-qubit maximally entangled state 
attains for a particular measurement setting. This leads 
to another interesting question is there any relation 
between violation of Bell’s inequality and amount of en¬ 
tanglement? In the case of two-qubit entangled states, it 
can be shown that for particular measurement settings 
the Bell-CHSH operator value increases with the entan¬ 
glement of the state. Is this also the case for two qudit 
(d > 2) entangled state? We answer this question also in 
affirmative. 

Entanglement in higher dimensional systems is impor¬ 
tant from both fundamental and practical point of view. 
Higher dimensional entanglement provides important ad¬ 
vantages in quantum communication than the conven¬ 
tional qubit entanglement. It provides more security 
against eavesdropping in cryptography [4] , it can be used 
to increase the channel-capacity via superdense-coding 
[5] and is more robust against environmental noise [6] 
than the conventional two-qubit entanglement. However 
for practical applications of these protocols, experimen¬ 
tal preparation and detection of higher dimensional en¬ 
tangled state is of crucial importance. The violation of 
Bell-type inequalities can detect the presence of entangle¬ 
ment in such systems. Therefore Bell-type inequalities in 
higher dimensional system have generated much interest 
in recent years [7-12], One of the approaches to obtain 
Bell’s inequality in higher dimension employs a projec¬ 
tion of multilevel down to dichotomic one [2, 7]. But 
sometimes it is also important to know whether it enables 


to probe genuine high-dimensionality or not [8, 9, 13]. In 
2002, Collins, Gisin, Linden, Massar, and Popescu in¬ 
troduced [8] an inequality (henceforth will be referred 
to as CGLMP inequality) which is known to be the only 
tight inequality [14] for higher dimensional systems. But, 
this inequality is not maximally violated for a maximally 
entangled state of such systems [15]. Interestingly, in 
2006, Son, Lee and Kim introduced another set of Bell- 
type inequalities for qudit systems (hereafter, the SLK 
inequality) [9] which is maximally violated for a maxi¬ 
mally entangled state of two-qudit. We show that for 
a particular measurement setting, the Bell-SLK function 
(defined below) is zero for product states. Thus a nonzero 
value of this function immediately suggests that the mea¬ 
sured state is entangled. Interestingly, for this setting, 
the value of the Bell-SLK function increases with the con¬ 
currence of the pure bipartite entangled states. Thus, the 
SLK test can serve as a measure of entanglement for a 
pure bipartite state. We note that for CGLMP inequality 
there is no such relation for this setting. 

In the SLK test, two far separated observers Alice and 
Bob, can independently choose one of the two observ¬ 
ables denoted by A 1 , A 2 for Alice and B 1} B 2 for Bob. 
Measurement outcomes of the observables are elements of 
the set, V = {1, w, • • • , w d_1 }, where ui = exp {2m/d). In 
a variant of SLK inequality [16], the Bell-SLK function, 
I SLK, is given by 

d— 1 

I SLK = -7= X 
v 2 n=1 

+ W "/ 4 C" 2 +a;-"/ 4 C'" 2 )+c.c., (1) 

uj = exp{2ni/d), c.c. is for complex conjugate, = 

(A"B^). The assumption of local-realism implies Islk < 

t Tlk{ LR), wher e Islk{ LR) = 75 ( 3 cot ^ - cot ff) - 

2^/2 [16]. By using Fourier transformation, we write Bell- 
SLK function in joint probability space as [16, 17] 

d-1 

Islk = X f( a )[P(A 1 = Bi + ot) 

ot =0 

+P{B 1 = A 2 + a + 1) + P{A 2 =B 2 + a) 

+P{B 2 = A 1 +a)}, (2) 
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where sums inside the probabilities are modulo d sums, 
and 


/(a) = i=(cot[^(a+i)]-l). (3) 


We now calculate the value of the Bell-SLK function 
for an arbitrary pure two-qudit state | ip) = ]// Ci\ii ) and 
for the measurement settings originally given in [18]. The 
nondegenerate eigenvectors of the operators A a , a = 1, 2, 
and Bb, 6 = 1 , 2 , are respectively 


| k) A ,a 


| l)B,b 


1 

Vd 
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J2“ {k+5a)j \3), 

3=0 


1 

~Td 




3=0 


( 4 ) 


where <5i = 0,<$2 = 1/2, ei = 1/4 and £2 = —1/4. The 
joint probabilities in ( 2 ) can be calculated as 


P(A 1 = B x + a) = - d Y, c p c q to^ +1/ ^ p - q) , 

p,q=0 

d— 1 

P(B l =A 2 +a + l) = - / J2 c p c q oj-( a+1 ^ p - q \ 

p,q= 0 

P(A 2 = B 2 + a) = i Y, c p c q ^ a+1 ^ p ~ q \ 
p,q= 0 
1 d-1 

P{B 2 =A 1 +a) = ~Y J c p c q bo-^ +1 ^ p ~ q \ (5) 

p,q= 0 

Putting these probabilities in (2), we get 

Islk = E c P c q u {a+1/4){p ~ q) ■ (6) 

cn=0 p,q—0 

d—1 

From the identity ^ (—l) fc c °t(^p) 7 r = d [19], we can 

k—0 

d -1 

obtain another identity ^ cot(^^-)7T = d. Therefore, 
k =o 

d -1 

we get /(°0 = 0. We can then rewrite ( 6 ) as 

a=0 


d -1 


!slk= 1/( a ) E 2c P c q cos {~J^ a + ~ q 


a —0 
d—1 


p=£q 

p>q 


Q; — 0 


E 2 c p c 9 cos (^-( Q + j)(p- «})■ 


p=£q 

p>q 


To evaluate it further, we now need to find following two 
sums 

Z cos (^p( a +l))’ ( 8 ) 

a —0 

and 

fc C0S (^r (a+ i ) ) cot (5 (a+ i ) )’ (9) 

a=0 


where we have replaced p — q by m (an integer). 
Using trigonometrical identity in [20], we obtain 
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E 

cn —0 


COS 


= cos 


= 0 , 


/27TTO 

'7TTO 

-~2d 


(«+i)) 

(■d — l)7r m\ 

d ) 


nm 


sin nm cosec ■ 


( 10 ) 


i.e, the first sum ( 8 ) is equal to zero. 

To calculate the sum (9), we first prove following two 
theorems. 

Theorem 1 : With a and k being positive integer such 
that a < k, and 0 < 6 < 1 , 


fc -1 



2naj 

k 


3=0 

= k cos [ 6 ( 2 a 


cot (-p- + nb) 
k 

— k)n] cosec ( bkn ), 


( 11 ) 


Proof: To obtain the sum, we will use the method of 
residues. We take the complex function as [21] 


e 2^az CQt + ^ g-2 niaz CQt + ^ 

9l\^ ) gl-Kikz ^ g—27 rikz ^ 

( 12 ) 

Let us now consider the integral f c gi(z)dz, where C 
is a contour which is positively oriented indented rect¬ 
angle with vertices at ±iR and 1 ± iR, with R > e, 
and with semicircular indentations of radius e < 6 to 
the left of both 0 and 1 . Since the period of g\(z) is 1, 
the integrals along the intended vertical sides of C can¬ 
cel. Here we have taken a such that 0 < a < k. gi(z) 
tends to 0 uniformly for 0 ^ x < 1 as |y| —> oo. Hence, 
2 ~j f c gi(z)dz = 0. We, next, calculate the residue at 
different poles of gi(z). g\ has simple poles at z = 0 and 
2 = j/k, 1 ^ j Sj k — 1. The corresponding residues can 
be calculated as 

Res(< 7 i, 0 ) = —cot( 7 r&), 
nik 
k—1 

Res(gi,j/k) = ^2 T cos cot (^ + nb). (13) 
3=1 m 

There is another pole inside the contour - simple pole at 
z = — 6 + 1. The residue at this point is 


Res(gi,- 6 + 1) 


1 

— cos [ 6 ( 2 a — 
n 


k)n\ cosec (bkn). 


(14) 


( 7 ) 
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As the integral is zero, the sum of the residues must be 
zero. We, thus, get 


k -1 

E 


27 Tdl .7T7 

COS -— 1 - COt (— + 7 rb) 

k k 


7=0 

= k cos [6(2a — k)Tr] cosec (bkir). (15) 

This completes the proof [22]. 

Theorem 2: With a and k being positive integer such 
that a < k, and 0 < b < 1. 


v - ' • Stto? 7T j 

E sm —j— ^T + 7rb) 

7=0 


= —fcsin [b(2a — k)n] cosec (bkn). (16) 

Proof: For this theorem, steps are similar to the the¬ 
orem 1. We now consider the complex function 


e 2maz cot (ttz + 7r&) e 2niaz cot (nz + nb) 

92\Z) ^2izikz ^ g—2-7T ikz ^ 

(17) 

Taking the same contour as in the previous case and 
noticing that ^ f c 92 {z)dz = 0, we get (by the residue 
theorem) 


• 2t raj 7 rj 

sin —-— cot (——h 7ro) 
k k 

= — fcsin[6(2a — k)n] cosec (bkn) . (18) 

This completes the proof [22]. 

Using Theorems 1 and 2, we can easily see, 



E cos (^( a+ i)) cot (^(“+i)) =d - ( 19 ) 


ct—0 


Eqs. (3), (7), (10) and (19) together imply 


Islk = 4V2 c p c q- (20) 

pAq 

p>q 


This sum is proportional to the concurrence of the 
state. The concurrence, C, for a two-qudit pure state 
is defined as [23] 

pAq 

p>q 


This is a generalization of the concurrence for a system 
of two qubits [24]. Using this we finally get 

Islk = 2^2 (d - 1)C. (22) 


for product states (and hence also for separable states) 
whereas it increases linearly with the concurrence for 
pure entangled states. This may give a way to mea¬ 
sure the entanglement of a pure entangled state. The 
entanglement can be inferred by measuring the Bell-SLK 
function for the state for the above, given in (4), mea¬ 
surement setting. In d = 2, the SLK inequality reduces 
to familiar CHSH [25] inequality, so this relation holds 
for CHSH inequality also. The relation we have obtained 
holds for a specific measurement settings. As is known, 
the choice of measurement setting is important. There 
are measurement settings, for which even maximally en¬ 
tangled state may not violate an inequality. Furthermore, 
(22) does not give optimal value of the Bell-SLK function 
[26]. 

Interestingly, this test can be performed in laborato¬ 
ries with the present day’s technology. State of a qu- 
dit is encoded in the orbital angular momentum (OAM) 
states of photons [27]. Higher dimensional bipartite en¬ 
tanglement is generated through spontaneous paramet¬ 
ric down conversion (SPDC) [10, 28]. In [10], Dada et 
al. have employed the same measurement setting as in 
Eq. (4) to reveal the presence of entanglement for bipar¬ 
tite qudit systems having dimensions up to twelve [10]. 
They have obtained violation of CGLMP inequality ex¬ 
perimentally for higher dimensional entangled systems. 
Though violation of this inequality can detect the pres¬ 
ence of entanglement, but this violation cannot be used 
to measure the amount of entanglement present in the 
bipartite state, at least, for the employed setting. This 
is because, for the said setting, it is not maximally vio¬ 
lated for a maximally entangled state of two-qudits [15]. 
It would be interesting to look for another measurement 
setting which gives a relation between amount of entan¬ 
glement and the Bell function for CGLMP inequality. 
On the other hand, though SLK test can measure the 
entanglement, but this inequality gets violated only for 
C > /™ E ^ c (LR)/2v / 2(d— 1), i.e. not every pure entangled 
state violates it. For example, for d = 2, CHSH inequal¬ 
ity will be violated only when C > 1 v/2 for the above 
said measurement settings. 

In conclusion, we have argued that higher dimensional 
entanglement is important both from fundamental and 
practical point of view. For higher dimensional systems 
there are many local-realistic inequalities in literature. 
We have studied SLK inequality and have found that 
the SLK test can be useful for measuring entanglement 
of such systems. Looking for a local realistic inequal¬ 
ity which is both tight and also violated maximally for 
maximally entangled state would be an interesting future 
work. 


Thus, we obtain an interesting relation between concur¬ 
rence and the value of Bell-SLK function for a particu¬ 
lar measurement setting. Value of this function is zero 
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